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ABSTRACT High-performance liquid
chromatography (HPLC) procedures
provide size-exclusion chromatogra-
phy with sufficient speed that the elu-
tion characteristics of mixtures of inter-
acting macromolecules are potentially
determined by the kinetics of associa-
tion and dissociation. However, few
studies have yet addressed the conse-
quences of interaction kinetics on

HPLC analyses or evaluated the poten-
tial application of HPLC methods for
the qualitative and quantitative interpre-
tation of macromolecular interaction
kinetics. An earlier simulation of small-
zone chromatography of interacting
molecules (Stevens, F. J. 1986. Bio-

chemistry. 25:981-993) has been
modified to incorporate the effects of
association/dissociation kinetics on
elution behavior. The previous assump-
tion of instantaneous equilibration has
been replaced by explicit calculation of
partial relaxation of complexed and
free constituent mixtures during each
iteration of the simulation. In addition, a

stochastically based formulation has
been introduced to determine a velocity
probability distribution that emulates
the partial intermixing of free and com-

plexed pools during the iteration cycle.
The simulation

elution profiles
complexed and

generates bimodal
representing stable
free components of

mixtures for which interaction is char-
acterized by slow kinetics relative to
chromatography run times. For mix-
tures with rapid kinetics, a single asym-
metric peak results. When tested with a
large-zone sample such that a plateau
of stable concentration is generated,
the simulation reproduces previous
characterizations based on evaluations
of solute continuity equations. There-
fore, HPLC may, in many cases, be an
appropriate basis for techniques by
which to evaluate kinetic and affinity
characteristics of interacting biomole-
cules.

INTRODUCTION

Analytical models to describe transport properties of
interacting macromolecules during processes such as sedi-
mentation, chromatography, and electrophoresis have
been developed by several authors. Traditionally, models
were based on the concept of "instantaneous equilibra-
tion" (1-8). Cann and co-workers (4, 9, 10) and Zimmer-
man ( 11) introduced rate constants into their zonal
transport calculations and determined conditions under
which observed sedimentation or chromatographic elu-
tion profiles would be kinetically controlled. Endo and
co-workers (12, 13) have described a "zone interference"
technique that yields interaction rate constants under
certain circumstances when one of the interacting compo-
nents is present in sufficient excess to provide first-order
kinetics.

Rapid equilibrium was also explicitly assumed in an

iterative simulation of small-zone, size-exclusion chroma-
tography described previously (14). This assumption was

probably satisfactory for the experimental system that
was the focus of that study. The affinity constant for the
interaction between the antigen-binding fragment (Fab)
of a rheumatoid factor IgA and the antigenic Fc portion
of an IgG was estimated to be -105 M'-. Assuming a

typical association rate constant of -105 M-' s- , the

dissociation rate constant was near unity, assuring that
the time period represented by each iteration cycle of the
simulation was long relative to the dissociation half-life of
the reaction.

For several reasons, instantaneous equilibration is not
an appropriate assumption upon which to base an interac-
tion simulation that is intended to have systematic appli-
cation for chromatographic analyses of interacting
macromolecules. (a) The affinities of interaction between
antibodies and antigens, for instance, can range from 104
to 1010 M-'. Because a typical forward rate constant for
an antibody/antigen interaction can be taken as 105 M-1
s-, reverse rate constants between 10 and 10-5 S-1 can be
anticipated. As a consequence, in an experimental study
of a series of antibodies directed against a specific anti-
gen, one may expect to find cases in which instantaneous
equilibration (14), partial equilibration, or null equilibra-
tion (15) may each be demonstrated. (b) Contemporary
high-performance liquid chromatography (HPLC)-
based size-exclusion columns provide for run times of a

few minutes, in which even equilibration rates conven-

tionally considered rapid may be slow relative to the time
required for completion of the run. (c) The "reality" of
numerical simulation, in general, improves with increased
number of iterations per simulation run. In the chroma-
tography simulation, each iteration cycle represents a
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small time element. Therefore, if an assumption of instan-
taneous equilibration is imposed upon an interacting
macromolecular system that exhibits partial equilibra-
tion, the resulting error is increased as the number of
iterations representing the complete column run is
increased. (d) The leading and trailing edges of the solute
peak in large-zone chromatography and the entire solute
band in small-zone chromatography represent concentra-
tion gradients. Because the half-life for equilibration of
the interacting molecules is determined by the forward
rate constant in combination with the reactant concentra-
tions, it is clear that, in principle, the microzonal relaxa-
tion time is different at each point of the solute
gradient(s). As a consequence, the magnitude of the error
resulting from the instantaneous equilibration assump-
tion is not uniform and can lead to unanticipated distor-
tion of predicted elution profiles.

This report describes an iterative simulation in which
the elution behavior of small-zone interacting solutes is
determined by the rate constants of association and
dissociation. The simulation is based on that described
previously (14); modifications include calculation of par-
tially equilibrated constituent populations after each
translation step in the simulation. A new algorithm is
incorporated to approximate an effective velocity distri-
bution function that results from partial intermixing of
free and complexed solute pools because of multiple
interactions during the iteration time element. Simulated
chromatograms exhibit elution characteristics sensitively
linked to association and dissociation rates. The contribu-
tion of kinetic rate parameters to elution behavior is
modulated by chromatographic run time and solute con-
centrations.

pool of complexed molecules. To model the elution characteristics of the
total population of each elemental cell of the simulated chromatography
column, it is necessary to determine the extent of intermixing between
the two pools during the interval bt although this consideration was
evidently not incorporated in a recent adaptation (16) of the earlier
simulation (14) or in other approaches (17, 18) to simulation of kinetic
aspects of small-zone transport. Consider, for instance, two reaction
mixtures at the same constituent concentrations and characterized by
the same affinity constants. The affinity constant is the ratio of forward
and reverse rate constants; therefore, let sample 1 be characterized by
slow reaction kinetics so that

(k1fab)bt = (klrc)6t , 0. (3)

In contrast, imagine sample 2 to be characterized by rapid kinetics such
that

(k2fab)bt = (k2,C)bt >> c. (4)

Eq. 4 indicates that the number of reactions occurring during the time
interval bt greatly exceeds the number of molecules present, thereby
resulting in each molecule participating in multiple dissociation and
association reactions. On this basis, sample 2 may be considered to
express 'instantaneous equilibration' in accord with the standard
assumption underlying many transport analyses. Despite equal affinity
constants, the elution behaviors of samples 1 and 2 are distinct. Sample
1 is translated as two separate and independent populations of free and
complexed constituents; sample 2 is translated as a single homogeneous
population of intermediate velocity.
The intermixing between free and complexed pools is calculated from

the integrated flux between the two pools, i.e., the total number of
association/dissociation reactions that occur during the time-interval bt.
At time t, the concentration of complex is obtained from the standard
kinetic relaxation expression,

c(t) = c + (c - -c)o exp [- tir], (5)
where c is the equilibrium concentration of complex, (c - c). is the
displacement from equilibrium at time t = 0, and T is the relaxation time
given by

- = kf(-a + b) + kr.

METHODS

Stochastic kinetics
Consider the reversible reaction

kf
A + B C.

k,

At each instant,

dc
= kf ab - k,c,

in which a, b, and c are the molar concentrations of free and complexed
components.

During the time element bt, individual molecules of A and B exist in
free form or in the complexed form C. The fraction of C that remains
complexed during bt is controlled by the dissociation rate constant k,;
likewise, the fractions ofA and B that remain free are determined by the
forward rate constant kf in conjunction with the concentrations a and b.
At times t = to and t = to + bt, the composition of the A, B mixture

may be regarded as partitioned between pools of free molecules and the

The probability that a free component undergoes an association can
be determined from the average number of association reactions experi-
enced by each constituent. This average value is obtained from the
number of association reactions divided by the total concentration of the
constituent available for reaction, i.e., the concentration of free compo-
nent. Assuming that the reaction flux is approximately constant during

(1) the short time interval represented by bt, the number of association
reactions may be estimated:

kfab5t
na= = kfb&t,a

(2) and

nb= kfabt.
Association reactions are considered to be random, independent

events distributed uniformly through the population of molecules.
Therefore, the probability that a given free A or B molecule does not
associate, i.e., receives zero association events, may be calculated from
the Poisson probability distribution,

1 lb Biphsia Jora oue5 ue18

(6)

(7)

(8)

pAj(0, n) = nj exp [-nj] = exp [-nj],0! (9)

1156 Biophysical Journal Volume 55 June 1989



whre nj refers to the average number of association events per A or B
molecule. The concentration-dependent probabilities of association are
therefore:

pAa = 1 - exp [-kfbt] (10)

pAb = 1 - exp [-kfabt]. ( 11)

The time-dependent probability distribution function for dissociation is
taken to be that given by first-order dissociation kinetics,

pDc = 1 - exp [-krbt]. (12)

Note that this expression is also the Poisson probability for at least one

dissociation event, given that krit represents the average number of
dissociation events per complex during interval bt.

Constituent velocity distribution
Each iteration cycle comprises a duration equal to the run time divided
by the number of iteration cycles in the simulated run. In the previous
simulation formulation that assumed complete reequilibration, each
translation step was followed by a calculation of a new equilibrium
composition of free and complexed components in each elemental cell.
Because instantaneous equilibration implies complete admixture of free
and complex pools, the characteristic velocity of the content of an

elemental cell was determined from weighted average velocities of free
and aggregate species.

In the current case, explicit incorporation of the kinetic rate constants
results in two direct consequences: (a) incomplete equilibration and (b)
partial rather than complete interchange between pools of free and
aggregated molecules. The first consideration is dealt with directly by
use of Eqs. 5 and 6, in which c, the equilibrium complex concentration, is
obtained from the unitless total constituent concentrations aoand b (ao=
KaaO, b, = Kabo) by

c= [(1 + a' + b) - 1(1 + a' + b')2 4a' bO]/2Ka (13)

and

a = aO- c

b = bo -c. (15)

Eq. 5 provides the concentration of complex at the end of time interval
bt. However, the net change in complex concentration does not directly
reveal the translation characteristics of the sample during the time
interval. If the rate of relaxation is sufficiently rapid to justify an

assumption of instantaneous equilibration, then the translation rate of
the mixture is represented by a weighted average of free molecule and
complex constituent velocities (14). Incomplete relaxation results in
partial intermixing of the free and complexed forms. Molecules experi-
ence varying durations in aggregate form during the cycle. Therefore, a

velocity distribution function more closely represents the translational
characteristics of each pool during the iteration cycle than does explicit
constituent velocities or averaged intermediate velocities.
An algorithm to develop the kinetically determined velocity distribu-

tion was based on subdividing the iteration cycle into K subintervals and
postulating that a transition between free and complexed form occurs

only at the initiation of the subinterval. During a subinterval, a molecule
is either discretely free or complexed. The monomeric [ ] or complexed
[0] state of a molecule is conveniently represented by a string of zeros
and ones. All possible 'history lines' ( 19) are systematically generated by
a sequence of binary numbers. The effective velocity corresponding to
each history line is determined by summation of the elements of the

string. This process is illustrated in Table 1 for an iteration cycle parsed
into three subintervals, generating 23 history lines for molecules in
monomer or complex state at time t = 0 (subinterval k = 0). Subpopula-
tions a [(0)000] and a' [(1)000] are each translated with velocity v =

v(0) (velocity of complex). However, the probabilities associated with
the two subpopulations are not the same. The initial event for the two
history lines is different; a not-dissociate probability is required for
subpopulation a but an associate probability is needed for the initial
transition from monomer to dimer for subpopulation a'. Subpopulations
for which the summed velocities a,, = 1 (b, c, e, b', c', e') are translated
with proportional velocity [1 * v(l) + 2 v(0)]/3, etc.
The relative number of binary strings that generate each o,, can be

immediately calculated from a binomial distribution. However, the
binomial distribution cannot be used directly to calculate the relative
occupancy of each a,, because not all subpopulations occur with equal
probability. The velocity distribution [c(ar)] defines the concentration of
complex or free molecule that translates with proportional velocity
corresponding to a,,. In this example, the velocity distribution for
complexes is given by the expression

c(0) = c [P(a)]

c(l) = c [P(b) + P(c) + P(e)]

c(2) = c [P(d) + P(f) + P(g)]

c(3) = c [P(h)],

(16)

(17)

(18)

(19)

where P(x) refers to the probability of history line x, noting that

h

P(x) = 1.
x-a

(20)

The corresponding velocity distribution for the free molecule population
is obtained by substituting the free solute concentration, a or b, for that
of the complex.
The probability P(x) is evaluated by converting each history line into

a corresponding string of events that are required to generate it. For
instance, P(g) in Table 1 is represented by the history line (0)011 , which
converts to the event line dd a representing the event string: not-
dissociate/dissociate/not-associate. P(g), therefore is given by the
probability product:

P(g) = (1 - pD)pD(l - pA). (21)

Bivalent interactions may be modeled in a similar manner. In this

TABLE 1 History line representation

k* k

pt 0 1 2 3 a4 p 0 1 2 3 ov

a (0) 0 0 0 0 a' (1) 0 0 0 0
b (0) 1 0 0 1 b' (1) 1 0 0 1
c (0) 0 1 0 1 c' (1) 0 1 0 1
d (0) 1 1 0 2 d' (1) 1 1 0 2
e (0) 0 0 1 1 e' (1) 0 0 1 1
f (0) 1 0 1 2 f' (1) 1 0 1 2
g (0) 0 1 1 2 g' (1) 0 1 1 2
h (0) 1 1 1 3 h' (1) 1 1 1 3

*k, subinterval index.
tp, subpopulations originally in complexed form (0) indicated by
unprimed labels, in free form (1) indicated by primed labels.
lo,, summed subintervals as free molecule.
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case, history lines are generated in which each subinterval represents
one of three states: unbound, singly bound, or double bound. As a result,
three subintervals generate 27 history lines in contrast to the eight
history lines obtained for monovalent interaction. In addition, each
transition between subintervals represents a probability product or sum

of probability products, as opposed to a single probability necessary for a
monovalent interaction transition. For instance, if 0, 1, and 2 indicate
unbound, singly bound, and doubly bound states, respectively, the
transition represented by 1 -2 requires the product (associate) -

(not-dissociate), whereas the transition 1-1 is represented by sum of
products (associate) * (dissociate) + (not-associate) * (not-dissociate).
Simulation of small-zone chromatography of bivalent interactions under
kinetic control represents significant, but manageable, additional com-

putational complexities and will be the subject of future study.

Chromatography simulation
The simulation algorithm is similar to that described previously (14). In
brief, the chromatography column is considered to be a linear array of
elemental cells. The sample mixture is assumed to be at equilibrium at
the time of introduction to the column. Transport is effected by
Gaussian translation of cell content to succeeding cells. The constituent
velocity of a solute represents the mean translation, and the standard
deviation of the distribution introduces a dispersion factor into the
transport process. The translation step is followed by a diffusion step
after which the free and complexed composition of each cell is recalcu-
lated. This cycle is repeated until the sample is completely eluted from
the column. In the original algorithm, equilibration was assumed to be
rapid and complete. Therefore, no absolute time duration was attributed
to an iteration cycle in the original algorithm.
The translation algorithm of the current simulation was altered to

incorporate the kinetic formulation described above. For free constitu-
ents and complex at the beginning of the iteration interval, separate N x

K velocity distribution tables are generated that consist of velocity
distribution functions obtained at N values of pA. Values of pA range

from 0.0 to 1.0 and are obtained for history lines containing K- 1

subintervals representing K discrete velocities ranging from that of free
constituent to that of the complex. These tables are constructed during
the initialization stage of the program and are dependent upon the
specific value of kr characteristic of the reaction under study.

Eq. 18 represents the subpopulation of complexes that translate with
effective velocity 1.33 during an iteration interval. The relevant history
lines associated with this subpopulation are (0)1 10, (0)101, and (0)01 1
and correspond to the event lines daa, dad, and ddai. If, for instance,
pA - 0.1 and pD 0.4, then the probability associated with a complex

of effective velocity 1.33 is simply (0.4)(1 - 0.1)(0.1) + (0.4)(0.1)
(0.4) + (1 0.4)(0.4)(1 0.1) 0.268. Since an effective velocity of

1.33 indicates that one of three subintervals was sustained as complex,
the small occupancy of this subpopulation reflects the rather small
probability of association during each subinterval.
The history line formulation implicitly assumes that the probability of

two transactions within one subinterval is small and, therefore, it is not
necessary, in practice, to calculate the velocity distributions for pA in
excess of an appropriate maximum. Kinetic rates that generate a

significant probability of multiple association-dissociation reactions
within a cycle subinterval are better described by a rapid equilibration
formulation.
The earlier assumption of instantaneous equilibrium implied that the

mixture of free and complexed components in an elemental cell could be
depicted as a homogeneous population of molecules that migrate at a

rate determined by a weighted average velocity of the two constituents.
The kinetic algorithm represents each constituent A and B population as

consisting of K subpopulations with discrete velocities ranging between
the velocity of the complex and the velocity of the free constituent. At

each cycle of the algorithm, the equilibrium concentrations of each cell
are calculated and corrected for partial equilibrium by application of
Eqs. 5 and 6. Each subpopulation is separately translated by the
Gaussian protocol previously described. The concentration of each
subpopulation is obtained by linear interpolation between the c(au)
values that bracket the pA calculated on the basis of kf and by the total
constituent concentrations of the elemental cell. The diffusion process

remains as previously described.

RESULTS AND DISCUSSION

Test of stochastic kinetic
formulation
Eqs. 13-15 provide estimates of the association and
dissociation probabilities used to calculate intermixing of
free and complexed pools during each time-interval of the
chromatography simulation. The appropriateness of these
expressions was tested by comparing the time course of
relaxation after dilution predicted by iterative application
of the Poisson probabilities to that explicitly calculated by
Eq. 5. Fig. 1 depicts the kinetics of dissociation of an
equilibrated mixture diluted fourfold at time t = 0.
Change of concentrations during each time interval were
obtained from

Aa = -pA(l - pD)a + pD(I - pA)c (22)

(23)

in which the decrease in concentration of a free compo-

nent is determined by the product probability of associa-

8
4-.

C)

6 8

TIME ( x s-')

-4-I

12 14

FIGURE 1 Comparison of stochastic dissociation formulation (-) with
calculated dissociation (-).
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tion and not-dissociation and, similarly, the increase in
concentration is given by the product probability of
dissociation and not-association. The agreement between
the explicitly calculated kinetics of relaxation and the
kinetics obtained by the iterative procedure shown in Fig.
1 for several values of rate constants, was taken to support
the use of the Poisson expressions to approximate the
extent of complex and free-molecule pool mixing during
iteration time intervals in the chromatography algo-
rithm.

Characterization of the velocity
distribution function
Velocity distributions as a function of k, for fixed proba-
bilities of association are shown in Fig. 2. The velocity of
the aggregate is arbitrarily set at 2 cells/cycle (c/c), and
that for the free component at 1 c/c. Distribution func-
tions are shown for low (pA = 0.1), intermediate (0.5),
and high (0.9) probabilities of association. Note, for
instance, that pA set at 0.5 indicates that kf and constitu-
ent concentrations are such that during the subinterval,
free components have equal probabilities of associating or

not associating. This situation is independent of the
probability of dissociation.
The shape of the velocity distribution function is in

each case dependent upon the value of k,. The most slowly
dissociating sample is characterized by an asymmetric
velocity distribution with the bulk of the complex migrat-
ing with the assigned velocity of the aggregate. Both
velocity distribution functions generated for the more

rapidly dissociating systems exhibit a quasisymmetric
nature. The distribution obtained for the high value of
association probability should be taken as illustrative
only; for pA = 0.9, the probability of two association
events during a subinterval may also be high (0.81 pD)
and contradicts a fundamental assumption of the formu-
lation. In practice, pA should be restricted to values of 0.2
or less, which may be accomplished by appropriate selec-
tion of iteration cycles per run.

The resolution of the velocity distribution function
determined by the binary history line algorithm is given
by the number of subpopulation discrete velocities into
which the content of an elemental cell may be frag-
mented. To subdivide the population into subsets accord-
ing to proportional velocity differences of (1/K) requires
K elements in the binary history line. K elements generate
2K possible history line or event line outcomes. As a result,
increased resolution in the calculation is obtained at the
cost of exponentially increasing expenditure in computing
time required to generate the velocity distribution matrix.
Whereas a resolution of 0.1 proportional velocity units is
obtained by evaluating a set of 1,024 different history
lines, a twofold increase in resolution to 0.05 proportional

to

0.8

0.6

0.4

02

0.0

toe

1.0

0.8

0.4

02

0.0

tO

0.8

0.6

04

02

0.0

FIGURE 2 Proportional velocity distributions for complex (e) and free
constituent (0) for k, values 0.0002, 0.0005, 0.001, 0.002 ..., 2.0 s-'
(front to back). Run time and free component concentrations are
assumed to be such as to result in a probability of association of 0.1
(top), 0.5 (middle), and 0.9 (bottom) during each iteration subinterval.
Each iteration cycle is subdivided into 10 subintervals.
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units requires more than 1o6 history lines. In addition, the
computing time expended for the iterative simulation of
the chromatography run increases approximately propor-
tionally to the number of subintervals. Therefore, it is
important that a pragmatic choice for effective resolution
be made.

Fig. 3 illustrates the effect of the choice of subinterval
number on the resulting simulated elution profile for
relatively rapidly associating-dissociating proteins. With
no subdivision of the cycle interval (i.e., one subinterval)
two subpopulations representing effectively stable com-

plexed and free constituents are produced. The profiles
generated, therefore, exhibit an anomalous elution behav-
ior that would be predicted if no intermixing of free and
complexed pools during an iteration cycle was incorpo-
rated into the algorithm. Absence of intermixing results
in a retardation in the predicted elution rate of the solute
that originates in the imposition of the intrinsic free
molecule constituent velocity on a portion of the solute
population during each cycle of the iteration. In contrast,
rapid intermixing of pools, as indicated in Fig. 2, gener-

ates effective constituent velocities for both complex and
free solutes that are intermediate between the assigned
constituent velocities. The rate of solute dilution is
thereby decreased, enhancing the ratio of complex in the

0.7

0.6- subint 1

subint =-5

0.5 -A
subint= 10 |

w

Z/ 0.3 -I

0

um 0.

12 6
TIME (min)

9 12

FIGURE 3 Dependence of simulated elution profiles on choice of num-
ber of subintervals per iteration cycle. Column length set to 90 cells; run
length is 100 cycles; run time is 15 min; kr = 0.2 s-1; Ka = 10 M-1; a =

b = 2 x 1i-0 M; sample size is two cells. (Left) Constituent velocities
va = Vb = 1.5 cells/cycle (c/c), v, = 2.1 c/c; (right) V. = 1.5, Vb = 2.0,
and vc = 2.5 c/c. Simulated elution profiles resulting for I (---- ), 5

), or 10 (- -) subintervals/iteration cycle are shown. Absorb-
ances are based on an arbitrary extinction of 1.0/1.0 mg ml-'.

sample, and no portion of the mixture migrates as slowly
as the free solute in the absence of simulated intermix-
ing.

In the two cases illustrated, homogeneous association
of interacting solutes of equal velocities and mixed asso-

ciation by solutes of unequal constituent velocities, little
change in simulated elution characteristics is exhibited
when the number of subintervals per cycle is increased
from 5 to 10. The chromatography behavior of solutes of
unequal constituent velocities is more sensitive to the
number of subintervals as a consequence of the ability of
the chromatography matrix to separate dissociated mole-
cules and thereby attenuate intermixing. In either case,
the contribution of intermixing of pools diminishes as the
kinetic rates decrease, reducing the probabilities of multi-
ple dissociations during one simulation iteration cycle. As
noted, the computing resources required by the algorithm
are quite sensitive to the choice of subinterval value. For
instance, the three runs in each case shown here required
-23, 66, and 124 s of Cray-2 CPU time for subinterval
assignments of 1, 5, and 10, respectively. It is likely that
future versions of the algorithm will select optimal subin-
terval values on the basis of kr and run time. However, for
the purpose of consistency among the illustrations pre-

sented in this study and to conserve computer processing
time, history lines of five elements were chosen to repre-

sent the intermixing of pools of free and complexed
molecules.

Prediction of large-zone leading
boundary profiles
No explicit mathematical formulation of the small-zone
elution behavior of interacting solutes has been presented
and may not be possible (8, 14, 20-22). Detailed studies
have been undertaken to describe the chromatography
characteristics of interacting molecules during ultracen-
trifugation and large-zone gel filtration (1, 5-9, 23-31).
In the large-zone chromatography method, a plateau of
constant protein concentration allows for the construction
of solute continuity equations that may be solved numeri-
cally and yield simulated elution patterns that correspond
well with experimental observation (32, 33).

Therefore, the ability of the small-zone simulation to
predict kinetically dependent large-zone leading bound-
ary behavior previously calculated by Zimmerman (11)
was used as a criterion by which to evaluate the soundness
of the approach. A large-zone solute condition was

accomplished by setting the simulated sample size at 50
cells with the column size set at 90 cells. As shown in Fig.
4, small values of kr result in a biphasic elution profile;
increasing values of kr diminish the resolution of two
distinct leading edges until only a single leading boundary
is observed. In agreement with Zimmerman (11), this
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FIGURE 4 Large-zone leading boundary profiles as a function of disso-
ciation rate constant for fixed equilibrium constant. Sample size was set
at 50 cells. Simulation assumes initial concentrations of 1.0 mg/ml for
two proteins of mol wt 50,000. Initial sample composition was 50% free
and 50% complexed components K. = 10' M-l. Constituent velocities
are taken as 1.5 cells/cycle for free constituents and 2.1 for complex;
other parameters as in Fig. 3. Fixed equilibrium constant requires that
forward rate constant varies proportionally to the reverse rate constant.
With increasing rate constant, the leading edge boundary shifts from a
bimodal to a unimodal profile.

shift in character occurs within a range of dissociation
rates comprising approximately two orders of magnitude.
The plateau concentration observed for the leading edge
of the most slowly equilibrating species is at 50% the total
concentration and corresponds to the relative complex
fraction at the values of Ka and concentrations used. The
intersection of the leading boundaries at the 50% concen-

tration point is also consistent with the behavior exhibited
by the explicitly calculated profiles (1 1).

Fig. 5 represents the dependence of leading edge pro-
files on the equilibrium constant of interaction for two
values of kr separated by one order of magnitude. For the
more rapidly interacting species, increasing values of Ka
lead to shifts of a unimodal leading edge to positions of
earlier elution time. The more slowly reacting solutes, on

the other hand, exhibit a bimodal characteristic with, as

would be expected, an increasing concentration in the
leading profile as Ka is increased.

Characterization of the
chromatography simulation
Figs. 6-10 illustrate contributions of kinetic control to
simulated small-zone chromatograms. In Figs. 6 and 7,

FIGURE 5 Comparison of leading boundary profile characteristics as a
function of K. for rapid and slow kinetics. (Left) kr = 0.01 s- ; (right)
kr =0.001 s-5. K. ranges in order of magnitude increments from 104 to
I07 to M -'. Column and run parameters as in Fig. 3.
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0.0002 s-'

3 6 9 12 15
TIME (min)

FIGURE 6 Small-zone elution profiles as a function of dissociation rate
constant for fixed equilibrium constant. With increasing rate constants
the nature of the chromatogram shifts from two discrete peaks at
positions corresponding to 'stable' complex and free constituent to a
single peak of intermediate position and exhibiting an asymmetric
profile. This shift in chromatographic characteristic is effectively com-
pleted within one order of magnitude of rate constant in the range 0.001
to 0.0I s-'.
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FIGURE 7 Small-zone elution profiles as a function of dissociation rate
constant for fixed equilibrium constant. Simulation assumes initial
concentrations of 1.0 mg/ml for two proteins of different constituent
velocities. Constituent velocities are taken as 1.5 and 2.0 c/c for the two
free constituents and 2.5 for complex; equilibrium constant, column
length, sample size, run time, and number of iteration cycles as in Fig. 3.
In descending order, rate constants are 0.1, 0.05, 0.02, 0.01, 0.005, and
0.0005 s-'. The shift in elution behavior from a trimodal to a bimodal
profile is effectively complete within one order of magnitude of rate
constant in the range 0.001 to 0.01 s-'.

the equilibrium constant is fixed and k, is varied from
0.0002 to 0.1 s-' for cases in which the associating
molecules exhibit the same and different constituent
elution velocities. The sample injected into the column is
assumed to be at equilibrium at the initiation of the run;
because Ka is fixed, the initial composition of free and
complexed molecules is the same in all cases.

For interactions between molecules of the same constit-
uent velocity (Fig. 6), the smallest reverse rate constant
provides for little dissociation during the development of
the chromatogram, resulting in resolution of two distinct
elution peaks. Because Ka is fixed, kf is proportionally
small and little association of molecules that are initially
free occurs. Hence, the second peak appears at the
position expected for noninteracting molecules. As k, is
increased, the magnitude of the leading peak decreases
and a continuum of material eluting between the two
peaks is noted; the position of the first peak shifts to a

later elution position whereas the second peak shifts to
positions of earlier elution. Finally, a single peak is
obtained that elutes at an intermediate position. At the
highest value of kr depicted, the observed profile is
characterized by a sharp leading edge and an extended

trailing edge. This elution behavior is that expected for
rapidly equilibrating solutes and is consistent with behav-
ior observed experimentally (14, 21, 34). The distinctive
profile results from the rapid dissociation without reasso-

ciation experienced by complexes that migrate in advance
of the bulk of the solute zone, and from diminishing rates
of reassociation with decreasing concentration of reac-

tants in the trailing edge of the solute zone.

In the examples illustrated in Figs. 6 and 7, the
transition from instantaneous equilibration to kinetic
control may be discerned for k, = 0.02 s-'; kinetic control
of the elution profile is clearly in evidence for k, = 0.01
s-'. The latter corresponds to a dissociation half-life of
70 s, -13% of the elution time (t9 min) of the solute
peak. On the basis of the simulation then, one may

informally estimate that for dissociation half-lives of
<5-10% the time required for elution, an assumption of
'instantaneous equilibration' is reasonable. Likewise, for
half-lives on the order of the required elution time, the
transition from null equilibration during chromatography
to kinetically controlled chromatography becomes appar-

ent.
Fig. 7 examines characteristics of elution behavior for

interacting molecules of different constituent velocities.
In the case of slow dissociation, three peaks are noted,
representing the "stable" complex and the two free spe-

cies. As the dissociation rate is increased, the peak
representing complex is lost and, finally, two apparently
independent species are observed. The presence of inter-
action, however, is revealed by the small but significant
forward shift of each peak relative to the positions of free
species observed in the chromatograms obtained with the
smallest values of kr. Because the column separates the
two molecular species during periods of dissociation,
opportunity to interact is lost early in the chromatography
run for these molecules of relatively low affinity; there-
fore, the single asymmetric profile obtained in Fig. 6 is
not found in this case.

In both Figs. 6 and 7, it is noted that the transition from
either two distinct elution peaks to one, or from three to
two, occurs in a relatively small range of kr. Therefore, it
is apparent that depending upon the absolute values of k,
and kf, interacting molecules of the same affinity could
exhibit very different elution characteristics. Similarly,
molecules of different affinity might display superficially
similar elution behavior.

Fig. 8 compares simulated chromatograms for interac-
tions between molecules with fixed values of kr but
different affinities and, hence, different values of kf.
Consistent with the behavior observed in Fig. 5 depicting
the Ka dependence of the large zone elution behavior,
relatively small changes in the value of kr lead to signifi-
cant qualitative change in the nature of the observed
elution patterns. The more rapidly equilibrating mixture
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FIGURE 8 Small-zone profiles as a function of affinity constant. Chro-
matographic behavior is depicted in two cases distinguished by one order
of magnitude difference in rate constants. In the case of the slower
kinetics (right, k, = 0.001 s-1) two distinct components in the chromato-
gram are observed; changes in the affinity constant result in different
distributions of material at the positions of stable complex and free
constituents. In the case of the faster kinetics (left, k, = 0.01 s'1), a
single elution peak is demonstrated; changes in affinity constant result
in different elution positions. Sample concentrations and simulated
column characteristics are as in Fig. 3.

migrates as a single asymmetric peak for which the shape
and position are dependent upon the value of Ka. With a

value of kr one order of magnitude smaller, the elution
profile consists of two distinct peaks, the positions of
which do not change with Ka although the relative concen-
tration of the complex peak increases with Ka.

In Fig. 9, values for reaction rate constants are fixed
while the run time for the simulated chromatograms is
increased. With increased run time, the relative "instan-
taneousness of equilibration" is also increased. This
increase results in a transition in the character of the
simulated elution profile from that observed previously
for a small value of kr to that obtained with a large value
of kr. For the purposes of this illustration, the values of
dispersion and diffusion factors were held constant in the
series of simulated profiles. Although the qualitative
run-time dependence as illustrated is not jeopardized,
dispersion and diffusion contributions will differ in runs in
which the flow rate/run time are changed. Chromato-
graphic dispersion decreases with flow rate, limiting the
band-spreading and dilution of the solute from this
source. However, the resulting increased run time
increases the contribution of diffusion to band spreading.

FIGURE 9 Small-zone profiles as a function of chromatogram run time.
Parameters are as in Fig. 3. Chromatograms generated for simulated
run times of 2, 15, and 60 min are illustrated for k, = 0.01 s-'. Elution
profiles are highly dependent upon flow rate (run time), shifting from
two peaks to a single peak in this range.

There is no reason to expect the two trends to compensate
for each other.

Concentration dependence of
elution profiles as experimental
variable for kinetic analysis
The obvious experimental parameter to vary in a chro-
matographic study of interaction kinetics is the column
run time as determined by the solvent flow rate. However,
as discussed by Zimmerman ( 11) and noted above,
change of flow rate is actually a change of several
variables due to the dependence of chromatographic
dispersion on flow characteristics and the dependence of
diffusion upon time. As noted in Eq. 6, the relaxation
half-life is concentration dependent. Therefore, it may be
expected that both affinity and kinetic characteristics of
interacting systems might be revealed in studies of the
concentration dependence of elution behavior.
At equilibrium, two equimolar sets of interacting pro-

teins of the same affinity have the same composition of
complex and free molecules. Therefore, differences in
elution behavior observed for proteins of the same affinity
as a function of concentration result from differences in
kinetic rate constants. Simulated chromatograms pre-

sented in Fig. 10 illustrate this. Consider an antigen
interacting with the same affinity with two different
antibodies. Although the interactions are characterized
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FIGURE 1O Concentration dependence of kinetically expressed elution
characteristics, from top to bottom each reactant is present at a
concentration of 1.0, 0.1, 0.01, 0.001 mg/ml. (Left) Comparison of
elution profiles of two interacting systems of identical K. (4 x 106 M-')
but differing by one order of magnitude in kr (solid line, kr = 0.01 s-';
dotted line, kr = 0.001 s-1). (Center) Delta profiles generated by the
differences in the two elution profiles as a function of concentration. The
delta profiles show a positive leading peak because the chromatogram of
the more rapid kinetic system was subtracted from that of the slower.
(Right) Comparison of delta profiles of protein 1 (K. = 4 x 106 M-')
relative to two other interactions of higher affinity (Ka - 107 M-l). In
one case the increased affinity is effected by increased kf (solid line), the
other by decreased kr (dotted line).

by the same affinity (Ka = 4 x 106 M-'), the interaction
with antibody 1 is characterized by k, = 0.01 s'- , whereas
the interaction with antibody 2 exhibits slower kinetics
mediated by k, = 0.001 s-'. At the highest initial concen-
tration shown, the two elution profiles exhibit similar
single peaks at a position representative of the complex.
However, as more dilute mixtures are chromatographed,
the two elution profiles are distinguishable. The mixture
characterized by the more rapid kinetics migrates as a

single leading peak, whereas the mixture with smaller k,
is dispersed into two peaks.
The center column of Fig. 10 depicts delta profiles (14,

35) generated by subtraction of the elution profiles result-
ing from the interaction of antigen with antibody 1 from
those shown for the series obtained with antibody 2. The
positive leading peak observed in each case reveals the
presence of higher concentrations of complex in the
antibody 2 sample. Because the mixtures were assumed to
be equilibrated and equivalent at the initiation of the run,

the retention of complex during the run results from the
slower kinetic characteristics of antibody 2. In the right
panel of Fig. 10, antibody 1 is used to generate delta

profiles with two antibodies of higher affinity, Ka = 107
M-l. In one case, the increase in affinity is obtained
through increased association rate (kf = 105 M-'s-'). In
the other case, the increase in affinity is effected by
decreased dissociation (k, = 0.004 s-'). Again, the inter-
acting system characterized by the slower kinetics is
clearly indicated by the enhanced retention of high-
molecular weight components at the lower concentra-
tions. These differential and quantifiable chromatogra-
phy chracteristics suggest that systematic concentration
studies may resolve kr and kf contributions and provide
appropriate data for experimental studies in which simu-
lated chromatograms may be used to quantitatively eval-
uate the kinetic rate constants.

Validity and utility of simulation
Two aspects are relevant for discussion of the suitability
of the simulation. The computer algorithm appears fun-
damentally sound in terms of generating chromatograms
that qualitatively agree with the results of earlier studies
of large-zone chromatography characteristics and, for
small-zone solutes, reproduce the asymmetric single peak
expected for rapidly equilibrating molecules. However,
other aspects of the algorithm will be addressed as this
approach is adapted to quantitative analysis of experi-
mental data by optimized fitting of simulated chromato-
grams. For instance, refinement of the protocol for selec-
tion of appropriate number of iteration-cycle subintervals
and other optimization of algorithm design to improve
computing speed will increase usefulness of the simula-
tion. The current diffusion algorithm will be replaced by
incorporation of physical diffusion coefficients for constit-
uents and complexes. In addition, the problem of numer-
ical dispersion (6, 14) will be examined more closely.

Although the computational algorithm can probably be
made to conform as closely to the physical processes being
modeled as availability of computing resources justify, a

more basic question can be raised. Weiss (36) suggested
that affinity chromatography involving immobilized
ligand was not an appropriate method to evaluate kinetic
rate constants as suggested by Denizot and Delaage (37)
in developing a stochastic formulation of affinity chroma-
tography analogous to the chromatography theory
derived earlier by Giddings and Eyring (38). The difficul-
ties envisioned by Weiss largely originate in multiplicity
of binding site classes and steric effects caused by the
proximity of the matrix to the ligand. Although the
gel-filtration methods do not use an immobilized compo-
nent of the interaction, and therefore should be less
vulnerable to these artifactual perturbations of apparent
physicochemical quantities, it is nevertheless probably
reasonable that no gel filtration method can measure
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either the true afffinity constant or true kinetic constants.
That is, if it is assumed that the properties of chemically
homogeneous preparations of biological macromolecles
expressed in dilute solution accurately characterize mole-
cules that evolved to function optimally as heterogeneous
mixtures in a chemical environment of high excluded
volume (39) and physical obstruction, then it is correct
that rate constants characterizing interaction behavior in
a size-exclusion medium may not be equivalent to the
thermodynamically ideal rate constants.

For example, if it is correct that gel-filtration accom-
plishes partitioning of macromolecules on the basis of
differential steric exclusion of different size molecules
from portions of the mobile phase, then it may be inferred
that if a molecule A is transiently located in a portion of
mobile phase from which complex C is excluded, then
molecule B is likewise excluded from concurrent occu-
pancy with A. Therefore, unless B encounters A in such
manner that both molecules are fortuitously aligned for
productive collision, then the presence of the gel filtration
matrix may have, in some sense, altered the outcome of
the collision. A formulation representing the effect of the
matrix on apparent rate constants and equilibrium con-
stants has been presented by Giddings (40).
The considerations noted above apply to all forms of gel

filtration-based analyses of macromolecular interaction
whether kinetically controlled or rapidly equilibrating,
and including both small-zone and large-zone techniques
and various zonal saturation/depletion application (41-
44). Nevertheless, if the potential complications involved
in comparing the absolute values of rate and affinity
constants determined chromatographically with those
obtained by other methods are kept in mind, the useful-
ness of chromatography is not diminished. Techniques
based on HPLC with its short analysis times, high sensi-
tivity, small consumption of sample, and suitability for
computerized and automated operation will contribute to
efficient, systematic study of families of related proteins.
HPLC-based methods may be of particular usefulness

for rapid qualitative and quantitative analyses of mono-
clonal antibodies (or their antigen binding fragments)
specific for multiple epitopes on a single antigen. Varia-
tions in the affinities of antibodies for macromolecules are
typically associated with the value of kr (45, 46) with a
restricted range of typical values of kf (104_106 M-s-').
These data should contribute to efficient application of
monoclonal antibodies in immunoassay and immunother-
apy processes. Moreover, knowledge of the physical
chemical characteristics of antibody binding characteris-
tics is necessary for a mechanistic understanding of the
biological expression of antibodies both in recognizing
antigen and in interacting with lymphocyte surface recep-
tor.

CONCLUSIONS

The simulation described in this report, although framed
in terms of size-exclusion HPLC analyses of protein
interactions for convenience in experimental applications
in this laboratory, imposes no explicit limitations on the
transport technique used. Migration of solute is depicted
in terms of constituent velocities of interacting compo-
nents and complex. As in the previous study (14), no
mechanism of partitioning is incorporated in the model.
In principle, then, other transport processes including
ultracentrifugation, electrophoresis, and field flow frac-
tionation may provide data suited for analysis by this
simulation approach. The essential requirement is that at
least one of the three components of the mixture, i.e., the
complex and two free constituents, exhibits a partitioning
coefficient different than the others thereby assuring that
interactions between the two constituents generate an
elution profile of a mixture that is different than the
summed profiles of the constituents chromatographed
individually.

Results of the simulation indicate that under appropri-
ately selected conditions of run time, observed elution
profiles are sensitively related to the kinetic rates of
association and dissociation. For an appropriately
selected run time, variation of the solute concentration
systematically generates elution profiles whose shapes are
determined by the kinetics of the interaction. Compara-
tive inspection of elution profiles exhibited by multiple
interacting pairs of proteins yields qualitative rankings of
relative contributions of reverse and forward rate con-
stants. Quantitative interpretation of elution profiles
observed experimentally will be addressed after further
refinement of the simulation.
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